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Problem 4.25

(a) What is L;Y/? (No calculation allowed!)

(b) Use the result of (a), together with Equation 4.130 and the fact that L,Y} = (Y}, to
determine Yf (0,¢), up to a normalization constant.

(c) Determine the normalization constant by direct integration. Compare your final answer to
what you got in Problem 4.7.

Solution

Part (a)

According to the result of Problem 4.21, applying the raising operator to a function gives

Ly fi" = A7 f+

= /Ul +1) —m(m+1) f;"H

Apply the raising operator to Yf(@, ?).

LiY{=hJo(l+1) — (0 + 1) Y/
= B0)Y,H
=0
This makes sense, as m = £ is the highest that m can go for a given /.
Part (b)
The goal in this part is to solve two simultaneous equations for Y;(Q, ?).
L.Yf=0

L.Yf = ey}

hie'® (889 + ¢ cot 9(;1) Y/ =0
<—ih;¢> Y/ = myy
8;;; + i cot (9881;; =0
%Yg = ilY/
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For the sake of convenience, solve the second PDE first.

oY)
an — ity =0

Multiply both sides by the integrating factor,

exp (/ —il dgb) = o

to make the left side a partial derivative by the product rule.
iYL
0

0

Gyl ¥ =0

Integrate both sides partially with respect to ¢.
e Y = £(0)

—ile™ Y} =0

Here f(6) is an arbitrary function. Multiply both sides by e*?.
Y/(0,0) = f(0)c™

Substitute this result back into the first equation to determine f(#).

59[ £(0)e™] + i cot 98‘1[ F(0)e?] =0

eiw% + i cot O[f(0)ile'®] = 0

df B
0 (bcotB)f =0

Multiply both sides by the integrating factor,

exp </ —{cot 6 d9> — ¢~¢Insing _ n(sin6)™* _ (sin 0)4,

to make the left side a derivative by the product rule.

(sin 0)—5% — (LcotB)(sinf)~“f =0

d . . _
lsn0) =0

Integrate both sides with respect to 6.
(sinf)~‘f=A

Multiply both sides by sin’ 6.
f(0) = Asin‘6

Therefore, '
Y/ (0,6) = Ae?sin’ 0.
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Part (c)

The normalization of the stationary states requires that

[ wesonpv = [ ireeeeoropa

all space all space

_ /// ‘R(r)nm(e,¢)e—iEf/ﬁ2dv

all space

o LRI

all space

:/ /%/ 21V (0, 6)[? (r2 sin 0 dr ds d6)
— [/0 2]R \er] {/ /QW\Ym | sinfd¢dd|.

:1

Determine the constant A by requiring Yf(&, ®) to be normalized.

™ 2
1:// VL6, )\ sin 6 dg d
0 0

T 2
:// | Ae?*® sin’ 0|2 sin 6 d¢p O
0 0
T 27
:// |A|? sin 0 sin 6 d¢ df
0 0
21 T
= |A)? </ d¢)/ sin?* @ sin 0 df
0 0
:27r|A|2/ (sin? )" sin A df
0

= 27r|A|2/ (1 — cos?0)*sinf df
0

Make the following substitution.

u = cos 0

du=—sinf0dd — —du=sinfdb
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As a result,

- 27r]A\2/ (1 = u2)(—du)

os 0

1
= 271']A\2/ (1 —u?)’du
-1

1
= 47ryA\2/ (1 —u?) du.
0

Use the binomial theorem to expand the integrand. Since ¢ is an integer, the series is finite.

2 2k
1 =47|A| / g k' g Bl (—u)" du
_ 2 o2k
= 47| A E‘/ E k:' du

12 1
( 1)k‘ u2k+1
= 4r|AP0D
(0 — k)
S K= k) 2k 41

2\ (-1
= 47| A|~¢! kzo K\ —k)\(2k + 1)

In order to find the sum, evaluate it for several values of ¢ until a pattern becomes apparent.

k
£=0: Zk'e— 2k:+1)

L (—1)k 2
U Lk 3

k
4
(=2: =
Z/M— 2k+1) 15

14

/=3 Z (_1)k — i
- £ k(0 — k) (2K + 1) 105
feg. N (CDE 16
o £ KIC— k)!(2k + 1) 945
‘ (—1)* 32
f: . =
> kzo K6 —k)(2k+1) 10395
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Generally, it is

14
(_1)k B 26
kzzo EN(C—k)(2k+1) (20 + 1)

2@
20+ 1)20—1)(20—3)---5-3-1

20.(20)(20 —2)(20 —4)---4-2
(20 +1)(20)(2¢ —1)(2¢ —2)(2¢ —3)---5-4-3-2-1

2L 260 (- 1)(4—2)---2-1
(20+1)(20)(2¢ —1)(2¢ —2)(2€ —3)---5-4-3-2-1

220!
(2041
which means
2%0)
1 =4n|AP0 | ——
Al [(2£+ 1)!}
_ arfap 2O
(2¢+1)!
201)2
= 4mjap 2
A e
Solve for |AJ2.
A2 = 1 (204 1)!
(202 4r
Take the square root of both sides.
Al = 1 (2¢+1)!
20 4

Remove the modulus by placing an arbitrary phase factor on the right side.

_ @ e+ 1)
-2y A7

In order to make this result equivalent to the one from Problem 4.7, set 5 = n/.

e e+ (@M e+ (=D 20+ 1)!
20 Ar 20 Agr 2 s

Therefore,
(=D [+ 1) 44

Y6, ¢) = > e sin‘ 6.
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